coin probability problems and solutions

Coin probability problems and solutions are fundamental topics in the study of probability,
serving as excellent examples for understanding the basic principles underlying this branch of
mathematics. Coins, being simple objects with two distinct outcomes—heads and tails—provide a
clear context for discussing probability concepts. This article will explore various coin probability
problems, present solutions, and explain the underlying principles, ensuring a comprehensive
understanding of the topic.

Understanding Basic Probability Concepts

To solve coin probability problems effectively, one must first grasp some foundational concepts in
probability:

Definitions

1. Experiment: A procedure that yields one of a possible set of outcomes. For example, flipping a coin
is an experiment.

2. Sample Space (S): The set of all possible outcomes of an experiment. For a single coin flip, the
sample space is S = {Heads, Tails}.

3. Event: A subset of the sample space. For example, getting heads in a single flip is an event.

4. Probability of an Event: The likelihood of that event occurring, calculated as the ratio of the number
of favorable outcomes to the total number of outcomes in the sample space.

Basic Probability Formula

The probability \( P\) of an event \( E\) is given by the formula:
\[ P(E) = \frac{\text{Number of favorable outcomes}} {\text{Total number of outcomes}} \]
For a fair coin, this can be illustrated as:

- Total outcomes: 2 (Heads, Tails)
- Favorable outcomes for heads: 1

Thus, the probability of flipping heads is:

\[ P(\text{Heads}) = \frac{1}{2} \]

Common Coin Probability Problems



Coin probability problems can vary in complexity. Here are some common types of problems and their
solutions.

1. Single Coin Flip

Problem: What is the probability of getting heads when flipping a single fair coin?
Solution:

Using the basic probability formula:

- Total outcomes = 2

- Favorable outcomes for heads =1

Thus,

\[ P(\text{Heads}) = \frac{1}{2} \]

2. Multiple Coin Flips

Problem: If a fair coin is flipped three times, what is the probability of getting exactly two heads?
Solution:

First, we need to determine the total number of outcomes when flipping a coin three times. The total
outcomes can be calculated as:

- Total outcomes =\(2°3 =8)

The sample space is:
{HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}

Next, we identify the favorable outcomes for getting exactly two heads:
- Favorable outcomes = {HHT, HTH, THH} (3 outcomes)

Thus, the probability of getting exactly two heads is:

\[ P(2 \text{ Heads}) = \frac{3}{8} \]

3. At Least One Heads

Problem: What is the probability of getting at least one heads when flipping a fair coin three times?
Solution:
To find this probability, it is often easier to use the complement rule. First, calculate the probability of

the complementary event—getting no heads (i.e., getting all tails).

- Probability of getting tails in one flip = \( \frac{1}{2} )



- Probability of getting tails in three flips = \( \left(\frac{1}{2}\right)~3 = \frac{1} {8} \)
Now, using the complement rule:

\[ P(\text{At least one Heads}) = 1 - P(\text{No Heads}) \]

Thus,

\[ P(\text{At least one Heads}) = 1 - \frac{1}{8} = \frac{7}{8} \]

4. Coin Tossing and Binomial Distribution

Problem: If a fair coin is flipped 10 times, what is the probability of getting exactly 5 heads?

Solution:
This problem can be solved using the binomial probability formula:

\[ P(X = k) = \binom{n}{k} p~k (1-p)~{n-k} \]
Where:

-\( n\) = total number of trials (10 flips)

-\( k\) = number of successes (5 heads)

-\( p\) = probability of success on each trial (0.5)
First, calculate \( \binom{10}{5} \):

\[ \binom{10}{5} = \frac{10!}{5!(10-5)!} = 252 \]

Now, substituting into the binomial formula:

\[ P(X = 5) = 252 \cdot (0.5)"5 \cdot (0.5)"{10-5} = 252 \cdot (0.5)" {10} = 252 \cdot
\frac{1}{1024} = \frac{252}{1024} = \frac{63}{256} \]

Thus, the probability of getting exactly 5 heads in 10 flips of a fair coin is:

\[ P(X = 5) = \frac{63} {256} \]

Advanced Coin Probability Problems

As one becomes more familiar with basic problems, more complex scenarios can be considered.

1. Conditional Probability

Problem: A coin is flipped three times. Given that at least one head appears, what is the probability
that exactly two heads appear?



Solution:

Let:

- Event A = at least one head appears

- Event B = exactly two heads appear

We want to find \( P(B|A) \):

Using the conditional probability formula:

\[ P(BJA) = \frac{P(A \cap B)}{P(A)}\]

From previous calculations:

-\( P(A) = \frac{7}{8} ) (at least one head)
-\( P(A\cap B) = P(B) = \frac{3}{8}\) (exactly two heads)
Thus:

\[ P(BJA) = \frac{\frac{3}{8}}{\frac{7}{8}} = \frac{3}{7}\]

2. Non-Fair Coins

Problem: A biased coin shows heads with a probability of 0.7. If it is flipped 5 times, what is the
probability of getting exactly 4 heads?

Solution:
Using the binomial probability formula:

Where:

-\(n=5)) (flips)

-\(k = 4\) (heads)

-\(p=0.7\)

First, calculate \( \binom{5}{4} \):

\[ \binom{5}{4} = 5\]

Now, substituting into the formula:

\[ P(X = 4) = 5\cdot (0.7)"4 \cdot (0.3)~ {1} \]

Calculating:

\[ P(X = 4) = 5\cdot 0.2401 \cdot 0.3 = 5 \cdot 0.07203 = 0.36015\]

Thus, the probability of getting exactly 4 heads in 5 flips of a biased coin is approximately:

\[ P(X = 4) \approx 0.3602 \]



Conclusion

Coin probability problems serve as a rich ground for understanding fundamental principles of
probability. From basic problems involving single flips to more complex scenarios involving multiple
flips, binomial distributions, and conditional probabilities, coins offer a relatable and straightforward
way to grasp these concepts. By practicing a variety of problems, one can gain confidence in applying
probability theory to real-world situations, enhancing both analytical skills and mathematical
understanding.

Frequently Asked Questions

What is the probability of getting heads when flipping a fair
coin?

The probability of getting heads when flipping a fair coin is 0.5 or 50%, since there are two equally
likely outcomes: heads or tails.

If | flip a coin three times, what is the probability of getting
exactly two heads?

The probability of getting exactly two heads in three flips of a fair coin is calculated using the binomial
probability formula. It is 3/8 or 0.375.

How do you calculate the probability of getting at least one
head in two flips of a coin?

To calculate the probability of getting at least one head in two flips, first find the probability of getting
no heads (which is tails in both flips, or 0.25). Subtract this from 1 to get 1 - 0.25 = 0.75, or 75%.

What is the outcome distribution when flipping a coin 5
times?

When flipping a coin 5 times, the distribution of outcomes (number of heads) follows a binomial
distribution with parameters n=5 and p=0.5. The possible outcomes range from 0 to 5 heads.

In a series of 10 coin flips, what is the probability of getting
exactly 5 heads?

The probability of getting exactly 5 heads in 10 flips of a fair coin is calculated using the binomial
formula: P(X=5) = C(10,5) (0.5"5) (0.5"5) = 0.2461 or about 24.61%.

What is the expected number of heads when flipping a fair



coin 8 times?

The expected number of heads when flipping a fair coin 8 times is calculated as E(X) =np =80.5 =
4 heads.

If a coin is biased such that the probability of heads is 0.7,
what is the probability of getting 3 heads in 5 flips?

Using the binomial probability formula, the probability of getting exactly 3 heads in 5 flips of a biased
coin is C(5,3) (0.773) (0.372) = 0.2637 or about 26.37%.

How does the law of large numbers apply to coin flipping?

The law of large numbers states that as the number of flips of a fair coin increases, the proportion of
heads will converge to the theoretical probability of 0.5. This means that with enough flips, you should
expect to see approximately equal numbers of heads and tails.
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