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Calculus Maximus Notes 4 2t Def Int Num Int 4 2 delve into advanced concepts
in calculus, focusing particularly on the definitions, numerical methods, and
applications of definite integrals. This article aims to dissect these
topics, providing a clear understanding of the principles that govern the
calculations and applications of definite integrals in various mathematical
contexts.

Understanding Definite Integrals

Definite integrals are a fundamental concept in calculus, offering a method
to calculate the area under a curve defined by a function over a specific
interval. The notation used to express definite integrals is:

\ [
\int_{a}™{b} f£(x) \, dx
\]

Where:

- \( a\) and \( b \) are the limits of integration.
- \( £(x) \) is the function being integrated.

Properties of Definite Integrals

Definite integrals have several important properties that can simplify
calculations and provide insight into the behavior of functions. Some key
properties include:

1. Linearity:

\ [

\int_{a}"{b} [cf(x) + g(x)] \, dx = ¢ \int_{a}"{b} f(x) \, dx + \int_{a}"{b}
g(x) \, dx

\]

Where \( ¢ \) 1s a constant.

2. Additivity:

\

\int_{a}™{c} £(x) \, dx + \int_{c}"{b} f(x) \, dx = \int_{al"{b} f(x) \, dx
\]

This property allows us to break down integrals over larger intervals into
smaller, more manageable pieces.

3. Reversal of Limits:

\ [

\int_{a}"{b} f(x) \, dx = -\int_{b}*{a} f(x) \, dx

\1]

This indicates that reversing the limits of integration changes the sign of
the integral.



Numerical Integration

In many cases, finding the exact value of a definite integral can be
challenging or impossible analytically. In these scenarios, numerical
integration techniques are employed to estimate the integral's value. Two
common methods for numerical integration are the Trapezoidal Rule and
Simpson's Rule.

Trapezoidal Rule

The Trapezoidal Rule approximates the area under a curve by dividing the
interval into smaller subintervals and approximating the area under the curve
in each subinterval with a trapezoid.

The formula for the Trapezoidal Rule is given by:

\ [

\int_{a}"{b} f(x) \, dx \approx \frac{b - a}{2n} \left[ f(a) +
2\sum_{1i=1}"{n-1} f(x_i) + f(b) \right]

\1

Where:
- \( n \) is the number of subintervals.
- \( x_1 \) are the points at which the function is evaluated.

Simpson's Rule

Simpson's Rule provides a more accurate approximation than the Trapezoidal
Rule by using parabolic segments to approximate the area under the curve.

The formula for Simpson's Rule is:

\ [

\int_{a}"{b} f(x) \, dx \approx \frac{b - a}{én} \left[ f(a) + 4\sum_{i=1,
\text{ odd}}"{n-1} f(x_1i) + 2\sum_{i=2, \text{ even}}"{n-2} f(x_1i) + £ (b)
\right]

\]

Where \( n \) must be an even number.

Application of Definite Integrals

Definite integrals are not Jjust theoretical constructs; they have practical
applications across various fields. Below are some notable applications:

e Area Calculation: Definite integrals can be used to compute the area
between curves, providing valuable insights in geometry and the physical
sciences.

e Physics



