
absolute value equation with one
solution

absolute value equation with one solution is a mathematical concept that
often arises in algebra when solving equations involving absolute values.
Unlike typical absolute value equations that commonly have two solutions due
to the nature of absolute value representing distance from zero, certain
forms yield only a single solution. Understanding when and why this occurs is
crucial for students and professionals working with algebraic expressions,
inequalities, and real-world applications. This article delves into the
characteristics of absolute value equations with one solution, explores the
conditions that lead to this unique outcome, and provides methods for solving
such equations effectively. Additionally, it examines examples and scenarios
where absolute value equations simplify to one solution, enhancing
comprehension of this important algebraic topic.
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Understanding Absolute Value Equations
An absolute value equation is an equation that contains the absolute value of
a variable expression. The absolute value of a number represents its distance
from zero on the number line, always resulting in a non-negative value.
Typically, absolute value equations take the form |ax + b| = c, where a, b,
and c are constants and x is the variable. Because absolute value measures
distance, the equation |ax + b| = c generally has two solutions: one positive
and one negative counterpart for the expression inside the absolute value.

Definition and Properties of Absolute Value
The absolute value function, denoted by |x|, is defined as:

|x| = x if x ≥ 0

|x| = -x if x < 0



This piecewise definition results in the graph of |x| being a "V" shape,
symmetric about the y-axis. This symmetry is the reason why most absolute
value equations produce two solutions, reflecting points equidistant from
zero on either side of the number line.

Typical Solutions of Absolute Value Equations
When solving an equation like |ax + b| = c, two separate linear equations
arise:

ax + b = c1.

ax + b = -c2.

These two linear equations often yield two distinct solutions for x. However,
this is true only when c is positive and the equations are consistent. If c
equals zero or specific conditions are met, the equation may have one or no
solutions.

Conditions for One Solution in Absolute Value
Equations
While absolute value equations commonly have two solutions, there are
particular cases where only one solution emerges. Recognizing these
conditions is essential for correctly interpreting and solving absolute value
equations with one solution.

When the Right Side Equals Zero
An absolute value equation of the form |ax + b| = 0 has only one solution
because the absolute value is zero only when the expression inside the
absolute value equals zero. This means:

ax + b = 0

Solving this linear equation gives the unique solution. Since absolute value
cannot be negative, zero is the minimum possible value, and this case
inherently has one solution.

When the Two Linear Equations Yield the Same



Solution
Another condition for an absolute value equation to have only one solution
occurs when the two linear equations derived from |ax + b| = c yield the same
solution. This happens if:

ax + b = c

ax + b = -c

have the same root, which is only possible if c = 0 or if the equations are
identical, implying that the expression inside the absolute value is constant
or the equation simplifies to a single linear equation. In such cases, the
solution set collapses to one point.

When the Equation has No Solution
It is also important to distinguish between one solution and no solution.
Absolute value equations have no solutions when:

c < 0, since absolute values cannot be negative

The resulting linear equations are inconsistent

Understanding these boundaries helps to identify when only one solution
exists versus when the equation is unsolvable.

Solving Absolute Value Equations with One
Solution
Solving absolute value equations that yield one solution involves careful
analysis and application of algebraic methods. The process requires setting
up equations and verifying the validity of solutions within the problem
constraints.

Step-by-Step Approach
To solve an absolute value equation with the possibility of one solution,
follow these steps:

Isolate the absolute value expression on one side of the equation.1.

Set up two equations based on the definition of absolute value:2.



Expression inside absolute value = positive value

Expression inside absolute value = negative value

Solve each linear equation for the variable.3.

Check each solution in the original equation to verify validity.4.

Identify if only one solution satisfies the original equation.5.

Example: Solving |2x - 4| = 0
Given |2x - 4| = 0, since the absolute value is zero, set the inside
expression equal to zero:

2x - 4 = 0

Solving for x:

2x = 4

x = 2

There is only one solution, x = 2.

Example: Solving |x + 3| = 5
Here, the equation has two solutions because:

x + 3 = 5 → x = 2

x + 3 = -5 → x = -8

Both solutions are valid, illustrating the typical case of two solutions.

Example: When One Solution Occurs due to Overlap
Consider |x - 1| = 0, which yields one solution x = 1. Another scenario is
when the absolute value equation simplifies such that the two solving
equations are identical, producing a single solution.



Examples and Applications
Absolute value equations with one solution appear in various mathematical and
real-world contexts. Understanding these scenarios helps to apply the concept
effectively.

Real-World Example: Distance Problems
In real-life distance problems, absolute value equations represent distances
from a point. If the distance equals zero, it implies the point is exactly at
the target location, resulting in one solution.

Graphical Interpretation
The graph of y = |ax + b| is a V-shaped curve. When set equal to a constant
c, the number of solutions corresponds to the number of intersection points
between the line y = c and the V-graph. If the line is tangent to the vertex,
there is exactly one solution.

Summary of Applications

Physics problems involving displacement

Engineering tolerance calculations

Optimization problems in economics

Computer science algorithms involving absolute differences

Common Mistakes and Tips
Solving absolute value equations can present challenges. Avoiding common
mistakes ensures accurate results, especially when dealing with cases that
have one solution.

Common Errors

Failing to check solutions in the original equation, leading to
extraneous roots

Ignoring the possibility that the right side of the equation could be



zero or negative

Assuming all absolute value equations automatically have two solutions

Overlooking the importance of verifying domain restrictions

Tips for Accuracy

Always isolate the absolute value expression before solving

Set up both positive and negative equations and solve carefully

Substitute solutions back into the original equation to confirm validity

Understand the geometric meaning of absolute value to interpret
solutions

Frequently Asked Questions

What conditions must an absolute value equation meet
to have exactly one solution?
An absolute value equation has exactly one solution when the expression
inside the absolute value equals zero and the equation is set equal to zero,
or when the equation is structured such that only one value of the variable
satisfies it, often occurring when the absolute value equals zero or when the
equation reduces to a single point intersection.

Can an absolute value equation |x - 3| = 0 have one
solution?
Yes, the equation |x - 3| = 0 has exactly one solution, which is x = 3,
because the absolute value equals zero only when the expression inside is
zero.

How do you solve an absolute value equation that has
exactly one solution?
To solve an absolute value equation with one solution, set the expression
inside the absolute value equal to zero and solve for the variable. For
example, if |ax + b| = 0, then ax + b = 0, and solving this gives the single
solution.



Is it possible for |x + 2| = 5 to have only one
solution?
No, the equation |x + 2| = 5 has two solutions because absolute value
equations equal to a positive number typically have two solutions: x + 2 = 5
and x + 2 = -5.

Why does the equation |2x - 4| = 0 have only one
solution?
Because the absolute value of any expression is zero only when the expression
itself is zero, so 2x - 4 = 0 leads to x = 2, which is the only solution.

Additional Resources
1. Mastering Absolute Value Equations: One Solution Strategies
This book offers a comprehensive guide to solving absolute value equations
that yield exactly one solution. It breaks down the fundamental concepts
behind absolute value and explores various algebraic techniques to tackle
these problems. With numerous examples and practice exercises, readers will
build confidence in identifying and solving single-solution equations
efficiently.

2. Algebra Essentials: Absolute Value Equations with Unique Solutions
Designed for students and educators, this text focuses on the characteristics
of absolute value equations that produce a singular solution. It explains the
conditions under which these equations have one solution and demonstrates
step-by-step methods for solving them. The book also includes real-world
applications to help contextualize the math.

3. Solving Absolute Value Equations: One Solution Cases Explained
This book delves into the theory and practice of absolute value equations
where only one solution exists. It begins with foundational definitions and
progresses to more complex problem-solving techniques. Readers will gain
insight into graphical interpretations and algebraic manipulations that
isolate the unique solution.

4. One Solution Wonders: Absolute Value Equations Simplified
Aimed at high school and early college students, this book simplifies the
process of solving absolute value equations that have a single solution. It
uses clear explanations, annotated examples, and practice problems to
reinforce learning. The book also addresses common misconceptions and
pitfalls.

5. Absolute Value Equations: Techniques for Finding One Solution
This resource provides detailed methods for solving absolute value equations
with one solution through a variety of approaches, including algebraic
isolation and graphical analysis. It emphasizes understanding the structure



of the equation and the significance of the absolute value function. Practice
problems enhance mastery of the topic.

6. Understanding Absolute Value Equations: When One Solution is the Answer
This book explores the conditions that lead absolute value equations to have
exactly one solution. It combines theoretical insights with practical
examples to guide readers through the problem-solving process. Chapters
include exercises that reinforce critical thinking and analytical skills.

7. Absolute Value Equation Challenges: Focus on One Solution
Targeting learners who want to deepen their understanding, this book presents
challenging problems involving absolute value equations with one solution. It
encourages critical analysis and strategic problem-solving. Solutions are
thoroughly explained to facilitate self-study.

8. The Absolute Value Equation Workbook: One Solution Focus
This workbook offers targeted practice on absolute value equations that yield
one solution, with numerous problems ranging from basic to advanced
difficulty. It includes step-by-step solutions and tips to avoid common
errors. Ideal for both classroom use and independent study.

9. Algebraic Insights: One Solution Absolute Value Equations
Focusing on the algebraic nature of absolute value equations, this book
provides a deep dive into why and how certain equations have exactly one
solution. It discusses the interplay between equations and their graphs,
offering a well-rounded understanding. The book is suitable for students
seeking to enhance their algebra skills.
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